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Figure 1. Sketch of a binary composite

We consider a periodic binary composite formed by orthotropic layers and the material axes are the
same as the global coordinates xi so that the material is uniform in the x1 − x2 plane and periodic along
x3 direction. A typical unit cell can be identified as shown in Figure 1, the dimension along y3 is h and
dimensions along y1 and y2 can be arbitrary. Let φ1 and φ2 denote the volume fractions of the first phase
and the second phase, respectively, and we have φ1 + φ2 = 1. VAMUCH of this problem can be solved
analytically. The strain energy density of the effective material can be obtained as:
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It can be observed that the homogenized material properties still have the same orthotropic symmetry for
this special case, although in general the homogenized material could be anisotropic, which means a fully
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populated 6 × 6 stiffness matrix. The expressions of effective material properties c∗ij are listed here.
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where the superscripted quantities are those from each phases of the composite. It can be observed that
even for this simple case, only c∗22 is the same as the rule of mixture based on the Voigt hypothesis, and
c∗44, c

∗
55, c

∗
66 are the same as the rule of mixture based on the Reuss hypothesis. All the other components are

different from these two rules of mixture. The effective material properties of the present theory reproduce
those of a mathematical homogenization theory in Manevitch et al (2002). Using 2-noded line elements in
VAMUCH, we can reproduce the analytical solution exactly (in the numerical sense).

For the purpose of illustration, let we consider both layers are isotropic materials with Young moduli
as E1 and E2, and Poisson’s ratios as ν1 and ν2, respectively. Let E1/E2 = ρe and ν1/ν2 = ρν , different
combinations of ρe and ρν will be used here to study contribution of each constituents to the effective material
properties.
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Figure 2. Effective in-plane Young’s moduli predicted by different approaches. Dots: VAMUCH; solid line:
Voigt’s rule of mixture; dashed line: Reuss’ rule of mixture.

First, let us study the case that Poisson’s ratios of both materials are the same, say 0.3, and the first
material is 100 times stiffer than the second material, i.e., ρν = 1 and ρe = 100. We plot the Young’s
moduli and shear moduli normalized by E1 and in Figures 2 - 5 with respect to the volume fraction of
the stiff layer. We can find out that the in-plane Young’s moduli (E∗

1 and E∗
2 ) and in-plane shear moduli

(G∗
12) obey Voigt’s rule of mixture and transverse shear moduli (G∗

13 and G∗
23) obey Reuss’ rule of mixture.

Although it seems that the transverse Young’s modulus in Figure 6 also obey the Reuss’s rule of mixture,
in fact it is not as exposed in Figure 6. The difference between these two predictions are quite significant
if φ1 is not close to one. It is found that ν∗

12, ν
∗
21, ν

∗
13, and ν∗

23 are equal to 0.3 as could be predicted from
the rules of mixtures, which means applying in-plane load will always get the same Poisson’s effect as that
of the constituent materials. However, ν∗

31 and ν∗
32 are not equal to 0.3 as shown in Figure 7. The binary
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Figure 3. Effective transverse Young’s modulus predicted by different approaches. Dots: VAMUCH; solid
line: Voigt’s rule of mixture; dashed line: Reuss’ rule of mixture.
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Figure 4. Effective in-plane shear modulus predicted by different approaches. Dots: VAMUCH; solid line:
Voigt’s rule of mixture; dashed line: Reuss’ rule of mixture.
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Figure 5. Effective transverse shear moduli predicted by different approaches. Dots: VAMUCH; solid line:
Voigt’s rule of mixture; dashed line: Reuss’ rule of mixture.
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Figure 6. Effective transverse Young’s modulus predicted by different approaches. Dots: VAMUCH; solid
line: Reuss’ rule of mixture.
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Figure 7. Effective Poisson’s ratios (ν∗
31 and ν∗

32) predicted by different approaches. Dots: VAMUCH; solid
line: Voigt and Reuss rules of mixture.
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composite material has very small Poisson’s effect when the load is applied in the transverse direction and
the volume fraction of stiff material varies between 0.2 and 0.8. This can be explained by the fact that during
tension in transverse direction the soft layer will contribute mainly to the deformation and the stiff layer will
restrain the lateral shrinkage of the material. Only if the restraining effect is small (i.e., φ1 is small) or the
deformation contribution of the stiff layer becomes not negligible (i.e., φ1 is large), will the Poisson’s ratios
ν∗
31 and ν∗

32 approach that of the constituent materials.
Next, let use study the effect of mismatching Poisson’s ratios. To this end, let us choose ρe = 1, ν1 = 0.3,

and ν2 = 0.06. The prediction of in-plane Young’s moduli (E∗
1 = E∗

2 , normalized by E1) using different
approaches are plotted in Figure 8. It is clear that VAMUCH predicts a value between the bounds provided
by the rules of mixture as expected. The prediction of transverse Young’s modulus (E∗

3 ) using VAMUCH
is very close to the upper bound provided by the Voigt’s rule of mixture as shown in Figure 9, while the
Reuss’ rule of mixture significantly under estimates this value. The in-plane shear modulus (G∗

12) obtained
from VAMUCH is the same as that of Voigt’s rule of mixture as shown in Figure 10, while the transverse
shear moduli (G∗

13 = G∗
23) is the same as that of Reuss’s rule of mixture as shown in Figure 11. As far as

the Poisson’s ratios concerned, ν∗
12 is the same as ν∗

21, ν∗
13 is the same as ν∗

23, and ν∗
31 is the same as ν∗

32. The
Poisson’s ratios predicted by different approaches are plotted in Figures 12, 13, and 14. It can be observed
from this case that Poisson’s ratios of constituent materials will affect the effective material properties even
for isotropic materials with same Young’s modulus. It is expected that this effect will be magnified for
general anisotropic constituents.
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Figure 8. Effective in-plane Young’s moduli predicted by different approaches. Dots: VAMUCH; regular
dashed line: Voigt’s rule of mixture; thick dashed line: Reuss’ rule of mixture.
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Figure 9. Effective transverse Young’s modulus predicted by different approaches. Dots: VAMUCH; regular
dashed line: Voigt’s rule of mixture; thick dashed line: Reuss’ rule of mixture.
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Figure 10. Effective in-plane shear modulus predicted by different approaches. Dots: VAMUCH; regular
dashed line: Voigt’s rule of mixture; thick dashed line: Reuss’ rule of mixture.
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Figure 11. Effective transverse shear moduli predicted by different approaches. Dots: VAMUCH; regular
dashed line: Voigt’s rule of mixture; thick dashed line: Reuss’ rule of mixture.
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Figure 12. ν∗
12 predicted by different approaches. Dots: VAMUCH; regular dashed line: Voigt’s rule of

mixture; thick dashed line: Reuss’ rule of mixture.
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Figure 13. ν∗
13 predicted by different approaches. Dots: VAMUCH; regular dashed line: Voigt’s rule of

mixture; thick dashed line: Reuss’ rule of mixture.
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Figure 14. ν∗
31 predicted by different approaches. Dots: VAMUCH; regular dashed line: Voigt’s rule of

mixture; thick dashed line: Reuss’ rule of mixture.

7 of 7

American Institute of Aeronautics and Astronautics



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


